ABSTRACT. In this paper, we consider the problem of maximizing the expected discounted utility of dividend payments for an insurance company that controls risk exposure by purchasing proportional reinsurance. We assume the preference of the insurer is of CRRA form. By solving the corresponding Hamilton-Jacobi-Bellman equation, we identify the value function and the corresponding optimal strategy. We also analyze the asymptotics of the value function for large initial reserves.
INTRODUCTION
In recent years there has been increasing attention towards the utilization of stochastic control theory to insurance-related problems. This is due to the fact that a company, such as a property-liability insurance company, or a pension-fund management company, can control reinsurance strategies or investment strategies and can pay dividends to maximize (or minimize) a certain objective function under different constraints. Two kinds of risk processes have been considered. The first one concerns classical Cramér-Lundberg process being drift process minus compound Poisson process, see e.g. Buhlmann (1970) , Hipp and Plum (2000) , Muler (2005, 2015) . Later this case was generalized to the spectrally negative Lévy risk process, see Avram et al. (2007 Avram et al. ( , 2015 , Kyprianou and Palmowski (2007) , Loeffen (2008 Loeffen ( , 2009 ), Loeffen (2009) and references therein. The second risk process, considered also in this paper, is a diffusion surplus risk model. In this model, the liquid asset processes of the corporation are driven by Brownian motion with constant drift and diffusion coefficients. The drift term corresponds to the expected profit per unit time, while the diffusion term is interpreted as risk. The classic studies on this subject are those by Gerber and Shiu (2004) , Jeanblanc and Shiryaev (1995) , Cadenillas et al. (2006) , Asmussen and Taksar (1997) , Asmussen et al. (2000) , Bai and Guo (2010) , Taksar (1999, 2004) , Paulsen (2003 Paulsen ( , 2008 , Zhou (2005) , David Promislow and Young (2005) and many others. The details can be found in the survey paper Albrecher and Thonhauser (2009) and in the book Schmidli (2008) . The goal of this paper is to maximize the expected discounted utility of dividend payments for an insurance company whose reserve evolves in time according to a diffusion process and which controls risk exposure by purchasing proportional reinsurance. That is, in this paper we formally consider the following optimization problem. Let (Ω, F , P ) denote a complete probability space endowed with information filtration {F t } t≥0 and {B t } t≥0 be a standard Brownian motion adapted to the filtration. Let R be a risk process being a Brownian motion with drift:
for the aggregate cumulative amount of claims counted up to time t:
where a and b are positive constants, x ≥ 0 is the initial surplus, (1 + θ)a is the premium rate with the safety loading θ > 0. Apart of the reserve process R t we will consider the dividend payments. Let C = (C t ) t≥0 be an adapted and nondecreasing process representing all accumulated dividend payments up to time t. In our model we assume that (C t ) t≥0 is absolutely continuous with respect to Lebesgue measure. Hence we suppose that the process C admits almost surely a density process denoted by c t ≥ 0 modeling the intensity of the dividend payments in continuous time.
In our model, we add another new and very important feature in the context of dividend payments with utility function. We considered reinsurance policy, in which part of the premium rate (1 + η)(1 − q t )a for some proportion q t ∈ [0, 1] is diverted to some reinsurer who will cover q t of arrived claims Y t . In this way, the insurance company can reduce its risk exposure and therefore the reinsurance has been extensively studied, see for example Asmussen et al. (2000) , Azcue and Muler (2005) , Choulli et al. (2003) , Chen et al. (2013) , Taksar (1999, 2004) , Liang and Young (2012) , Zhou and Yuen (2012) . and references therein.
Thus the controlled risk process X π t evolves as follows:
where π in the superscript denotes a strategy which is described by a two-dimensional stochastic process (q t , c t ) that supposed to be chosen in optimal way, where the criterium for the optimality will be specified later. We will assume that η ≥ θ. When η > θ, the fraction of the premiums diverted to the reinsurer is larger than that of each claim covered by the reinsurer, this is called non-cheap reinsurance. When η = θ, we say the reinsurance is cheap. Both of these cases will be considered in this paper. We observe the regulated process X t until the time of ruin:
We define the target value function as
where β > 0 is a discount factor, u is some fixed utility function, E x means expectation with respect to P x (·) = P (·|X 0 = x) and maximum is taken over all admissible strategies Π. A strategy π is said to be admissible if (q t , c t ) is F t -progressively measurable and satisfies 0 ≤ q t ≤ 1, c t ≥ 0 for all t ≥ 0. Finally, we assume that the ruin cannot be caused by the dividend payment. Usually it is assumed that u : R ≥0 → R ≥0 is differentiable and nonnegative. In fact, in this paper we will consider only the Constant Relative Risk Aversion (CRRA) utility function:
For above dividend problem we will prove the verification proposition 2 producing the Hamilton-JacobiBellman (HJB) equation for optimal value function. This is done in Section 2. Later (under some additional technical assumptions) we will solve it producing optimal strategy which appear to be a Markovian one, that is q t = q(X π t ) and c t = c(X π t ) for some functions q and c given explicit. In particular, for utility function (1.4) we will prove that when the reserve is sufficiently small (less than identified level x * ), insurance company is willing to buy part of reinsurance as well as diverting part of premium. When the reserve is larger than x * then the insurance company is able to afford to cover all arrived claims and the optimal strategy excludes the purchase of reinsurance. Following Hubalek and Schachermayer (2004) we also identify the optimal strategy for large reserves, that is when x → ∞. Both separate cases of non-cheap and cheap reinsurance polices are considered in Sections 3 and 4. We ends our paper by conclusions 5.
HJB EQUATION
For nonnegative v ∈ C 2 with our optimization problem we associate the following Hamilton-JacobiBellman (HJB) equation::
with the boundary condition v(0) = 0; (2.6) see Fleming and Soner (2006) for a beatiful overview. We start from the classical Verification Lemma.
Lemma 1. Suppose that v(x) ∈ C
2 is a nonnegative solution of the HJB equation (2.5) with the boundary condition
Proof. The proof is similar to the proof of Lemma 1 of Hubalek and Schachermayer (2004) . Denote:
is a local supermartingale. Indeed, this follows in a standard way from Itô's formula applied to the process X π and from the HJB equation (2.5). Thus Optional Stopping theorem together with the monotonne convergence theorem completes the proof.
Note that if (1.4) holds, then supremum in (2.5) is realized for
Taking strategy π 0 = (q(X π t ), c(X π t )) makes process X π t to be a diffusion. Denote:
We will solve our optimization problem under two family of assumptions:
which is for non-cheap reinsurance and Assumption 2. η = θ and α(1 − p) > 1 which is for cheap reinsurance. Now we can prove the following crucial result.
Proposition 2. Assume that Assumption 1 or 2 holds true for utility function (1.4). Then the nonnegative and concave solution v of the HJB equation (2.5) is the value function, that is
Proof. We will show in Theorems 6 and 9 that under Assumptions 1 and 2 the HJB equation (2.5) with (2.8) and (2.9) has unique nonnegative and concave solution. Thus Z t is a local martingale. Similarly to the proof of Lemma 2 of Hubalek and Schachermayer (2004) we will show that it is a true martingale and that
We can then apply Optional Stopping Theorem producing
) and u given in (1.4). Thus v(x) ≤ V (x) from the definition of the value function and Verification Lemma 1 will complete the proof. To prove that Z t is a true martingale note that
and that second term is bounded above by Verification Lemma 1. The first one by concavity of v is bounded by:
where we use the fact that by (1.2),
To prove (2.11) note that by concavity of v we have
Remark 3. Since under strategy π 0 process X π0 is a diffusion then the verification result 2 follows also from Lemma 1 and the classical Feynman-Kac formula as it is described in Karatzas et al. (1986) .
To solve the optimization problem it is then sufficient to find nonnegative solution v of the HJB equation (2.5) with the boundary condition (2.6) satisfying v ′ (x) > 0 and v ′′ (x) < 0 on (0, ∞). The latter inequalities we will verify after deriving the function v.
NON-CHEAP REINSURANCE
We will show that there exists a point x * such that (3.14) q(x) = 0 for x > x * .
It implies that when the wealth of the insurance company is larger than x * then the optimal strategy will be to not reinsure the arrive claims. In other words, the insurance company can afford to cover all the claims by itself. Therefore, we analyze the value function in two intervals (0, x * ] and (x * , ∞), respectively. 
where B and D are given in (3.15) and (3.16 ) and ξ = g −1 (x), where g −1 is the inverse of function g:
Above,
Proof. Substituting (2.8) and (2.9) into (2.5) gives:
We will prove that:
Indeed, note that
Plugging it into (3.22) produces
Taking derivatives with ξ and collecting terms, we derive
Denote h(ξ) = g ′ (ξ). Then the above equation can be rewritten as follows:
for some Q = h(0). Solving above ordinary differential equation (ODE) we can observe that 
To get concave solution v, by (3.23) we have to choose A = 0. Then
We will show that ξ 0 given in (3.19) satisfies g(ξ 0 ) = 0. Indeed, if we substitute ξ 0 into (3.28) recalling that v(0) = 0, then:
Since g ′ (ξ 0 ) = Be ξ 0 1−p + D we will derive expression (3.19). Since h(ξ) = g ′ (ξ) we will get (3.18) from (3.27) and then representation of the function v given in (3.17). We will prove that 0 < q(x) ≤ 1 as it should be from the construction of the reinsurance policy. Substituting
To satisfy required condition q(x) > 0 we need to have the following inequality ηa
satisfied. We will show that ξ * given in (3.21) is the unique solution of the equation:
which will finish the proof of the proposition by the choice of x * done in (3.20). Note now that ξ * indeed solves above equation. Moreover, since
Plugging the value of (3.19) into the above inequality we can conclude that then (3.29) holds true. The proof is now complete.
We will now consider the value function v on the interval (x * , ∞) on which q * (x) ≡ 0. It is easy to verify that under the assumption that q(x) = 0 on (x * , ∞) the HJB equation is equivalent to the following equation:
with the boundary conditions
It remains now to verify that if v is given as the solution of (3.30), the optimal reinsurance proportion is indeed equal to zero.
Proposition 5. Assume that Assumption 1 holds. Suppose also that
is achieved for q = 0 when x > x * .
Proof. We first show v ′ (x) > 0. Assume a contrario that there exists a point c on (
This implies that we can find a pointc, x * <c < c satisfying v
Substitutingc into equation (3.30) gives:
which is a contradiction. Hence v is an increasing function. Function v is also concave, that is, v ′′ (x) < 0. Indeed, denote
and plugging it into (3.30) produces
with the boundary conditions y ′ (v * ) = −ηa/b 2 < 0 and y(v * ) = e −ξ * . Moreover, (3.34) can be rewritten as
According to Theorem 3 of Hubalek and Schachermayer (2004) , the differential equation (3.35) has precisely one decreasing convex solution. Therefore,
Now we will show that (3.33) achieves maximum at zero, that is that
Since y(v) satisfies equation (3.34), thus q(v) can be rewritten as:
Therefore demonstrating (3.38) is equivalent to showing that (3.39) Due to the boundary condition y ′ (v * ) = −ηa/b 2 , we can observe that q(v * ) = βv * . We also claim that
Indeed,
where the second equality is obtained by substituting the values of y(v * ) and y ′ (v * ). The third equality follows from the form of ξ * and the last equality is obtained by plugging the values of B, D and α. Now the inequality ηα − 2(η − θ) > αpη > 0 implies (3.40).
To prove (3.39), suppose a contrario that there existsṽ
and that q(v) < βv on (v * ,ṽ). Since q(ṽ) = βṽ and q(v) < βv on (v * ,ṽ), we have q
On the other hand, by taking derivatives with v on both sides of (3.34) and by substituting the value ofṽ, we obtain
and therefore
Now, substituting above identity into (3.41) gives
2 . This is a contradiction with the fact that by (3.36) y(v) is a decreasing convex function. This completes the proof.
Verification Proposition 2 and Propositions 5 and 4 give the first main result of this paper.
Theorem 6. Assume Assumption 1. Then the value function V (x) is given by with B and D given in (3.15) and (3.16 ) and x = g(ξ), where g is defined in (3.18) . Moreover, x * is given in (3.20) and v(x) solves (3.30)-(3.32) . The corresponding optimal dividend strategy is
and the optimal reinsurance proportion is
CHEAP REINSURANCE
In this section we consider the case η = θ, that is that cheap reinsurance holds true. The corresponding HJB equation could be rewritten as follows:
As argued in the previous section, we suppose that HJB equation (4.42) has an increasing concave solution v. Then, for q without restriction, the left hand side of (4.42) attains its maximum at
Similarly, as in the non-cheap reinsurance case, we will find the point x * such that q(x) = 0, for all x > x * .
Therefore, we have to consider here also two intervals (0, x * ] and (x * , ∞).
At the beginning we will analyze the case of (0, x * ] on which q(x) > 0. We recall the definition of α in (2.10) with η = θ. Let
Proof. Note that (4.42) can be rewritten as follows: 
CONCLUSIONS
The equations (3.30) and (4.47) satisfied by V for x > x * are similar to equation (15) in Hubalek and Schachermayer (2004) . Therefore, we can identify the asymptotic solution of the value function and the corresponding optimal strategies as it was also done in Hubalek and Schachermayer (2004) . We will write χ(x) ∼ ̟(x) iff lim x→∞ χ(x)/̟(x) = 1.
Theorem 10. The asymptotic behavior of V (x), c(x), q(x) as x → ∞ , is given by
q(x) ≡ 0.
In this paper we manage to find the value function maximizing the discounted cumulative dividends payments paid up to ruin time where the strategy is based on choice of dividend payments and the proportion of the reinsurance policy. We analyzed only the Constant Relative Risk Aversion utility function. The future research will concern other utility functions. One can also choose more general stopping time of the regulated risk process. For example one can consider Parisian ruin time as it was done in Czarna and Palmowski (2014) . Finally, it is also very interesting to incorporate so-called Gerber-Shiu function in the value function as it was realized in Avram et al. (2015) . One can analyze the investments into risky assets as well, see Paulsen and Gjessing (1997) . All of these problems are more complex and left to future research.
